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Goal and Motiv ation

Goal: Generalizecritical points to multiple functions

Applications:
Structural Biology, e.g., understanding proteins, docking
Computer Graphics
Celestial Mechanics

Oceanograply
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Outline

H. Edelsbr unner and J. Harer.
\Jacobi sets of multiple functions."

De nition of Jacobi Sets

IMV ©

Application
pplications 3 In Foundations of Comp. Mathematics,
PL Algorithm ' Cambridge Univ. Press,to appear.
9
Demos 2

_ _ Bio-Geometr y Folks.
Adaptiv e Algorithm \What to do with Jacobi Setsand How?"
Work in progress.
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Jacobi Sets: Definition

f;g:M! R
M¢ =g *(t)
ft:Mt! R

J(f;g) = clfx 2 M | x is critical point of f;g; for somet 2 R
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Jacobi Sets: f
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Jacobi Sets: ¢

.
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Jacobi Sets: f and ¢

BioGeometry i

Stanfor d Meeting, Palo Alto



Jacobi sets of two Morse functions 5

Jacobi Sets: M= g (t) and f,
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Jacobl Sets: Al terna tive Definitions

Remark | J(f;9) = J(g;f)
Definition 1|1
J=fx2Mjrf(x)+ rg(x)=0o0r rf(x)+r g(x)= 0g
for some 2R
Definition |11
J=1fx2 M jxiscritical point off + g orof f + gg

forsome 2R
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Applica tion I. Contours

contour(M;a) = fx2 M ja2 TMg
f(x) =?
g(x) =?
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Applica tion [: Contours

contour(M;a) = fx2 M ja2 TMg
f(x) = hx; b
g(x) = hx; ci

where b:c 2 S? are directions ? a
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Applica tion II. Space Freew ays

Paths of critical points of the gravitational potential function

M=R3 R

P 1
g(x;t) = kx zit K
f(x;t)=1t

HEdM AZS3LdNOD
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Applica tion

Life

In the Ocean

M= RS
g(x) = salinity
f (X) = temperatur e
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More Definitions

The star of asimplex 2 K is the collection of simplicesthat contain

The link Is the collection of facesof simplicesin the closure of the star that
are disjoint from

The lower star of u consistsof all simplicesin the star that have u astheir
highest vertex

The lower link is the portion of the link that boundsthe lower star
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Critical points on a simplicial complex

minimum maximum regular saddle
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An Algorithm  for Computing Jacobi Sets

Integer

IsJacobi (Edge uv)

= [f(v) T(ul=g(u) a(v)];
Lkuv=1f 2 Lkuvjw =) h (w) < h (v)g;

return

Stanfor d Meeting, Palo Alto

IsCritical (LK uv).
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Some Simple Demos

Contours

SpaceFreeways in Flatland
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Jacobi Sets and Mesh Spacing

f (X;y) = 2sin(0:15x) + 2coq0:15y) g(x;y) =x 2y
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Jacobi Sets and Mesh Quality

f (X;y) = 2sin(0:15x) + 2coq0:15y) g(x;y) =x 2y
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Refinement: Use Gradients
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Refinement:

Stack of Triangles
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Refinement Algorithm

procedure Quadra tic Refinement
Let V, be initial set of vertices;1 = O;
loop
Compute K; = DelTri(V,); Vis1 = V,;
Compute approximate Jacobi SetsJ; = J(f; g;Kj);
for every triangle abc2 K; do
compute cc= criticenter (abg;
If cc2 abcthen
Insert ccinto V; + 1; remove vertices of abctoo closeto x
endif
endfor
as much asyou like
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Future Work

Implementation and Experimentation
Re ne the adaptive algorithms

Proof of convergence

Topological simpli cation

Other applications
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