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ABSTRACT

Protein-proteirinteractionswhich form the basisfor mostcellular
processesiesultin the formationof proteininterfaces. Believing
thatthe local shapeof proteinsis crucial, we take a geometricap-
proachand presenta de nition of an interfacesurfaceformedby
two or more proteins.We alsopresenian algorithmandstudythe
geometricandtopologicalpropertieof thesesurfacesthuspaving
the way for future biochemicalstudiesof protein-proteininterac-
tions.
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1. INTRODUCTION

Protein-proteinnteractiongorm the basisfor mostcellularpro-
cesseshatincludeeventsintimately linked to humandiseasesuch
ascell division andgrowth. Although protein-proteirninteractions
arerankedhighonthelist of unsohedproblemsthey remainpoorly
understoodn regardto basicclassi cation, speci city of recogni-
tion, and enepgeticsof binding. A comparisoncan be madebe-
tweenthe currentstateof the protein-proteininteraction eld and

Supportechy NSF CCR-00-86013NSF EIA-99-72879%9andNIH
GM61822-01.

Departmentof Biochemistry Duke University, Durham, North
Carolina.

Departmentof Computer Science, Duke University, Durham,
North Carolina.

Permissionto make digital or hard copiesof all or part of this work for
personalor classroomuseis grantedwithout fee provided that copiesare
not madeor distributedfor pro®t or commercialadwantageandthatcopies
bearthis noticeandthefull citationon the®rst page.To copy otherwiseto
republisho poston senersor to redistrituteto lists, requiresprior speci®c
permissiorand/orafee.

RECOMB'04,March27-31,2004,SanDiego, California, USA.

Copyright 2004ACM 1-58113-755-9/04/0003.$5.00.

the eld of proteinstructureprior to thedescriptorandclassi ca-
tionsthathave now becomepartof the standardanguage Specif-
ically, following the de nition of -helicesand -sheetsandthe
determinatiorof numerougroteinstructuresit becamepossibleto
visualizeandclassifyproteinsinto families(e.g. -barrelsor - -

sandwiches)Theseclassi cationshave led to importantinsights
into protein function, protein folding mechanismsprotein struc-
ture prediction,andevolutionaryrelationships Eventoday efforts
at de ning the functionsof the mary uncharacterizegroteinsin
the humanproteome(about50%) rely heavily on thesemethods
anddescriptorsin ananalogousnannerdescriptorof proteinin-
terfaceshasedn geometry(shapeandphysics(forces)thatallow
for visualization,characterizationand classi cation,canbe ervi-
sionedasusefulto the protein-proteininteractioncommunity For
example, studiesof the interfacial characteristicsnay reveal re-
gionsof known importancesuchasbinding hotspots siteswhere
mutationof speci c residueleadsto signi cant lossin bindingen-
emgy. Generainterfacialcharacteristicto be examinedincludege-
ometricfeaturesuchasdistancespoclets,wrinklednesandphys-
ical characteristicsuchaselectrostaticandhydrophobicity

Prior work. Information that elucidatesthe driving forces and
pinpointsthe speci city of protein-proteininteractionshas been
extremely dif cult to obtainvia either experimentalor computa-
tional approachesThe mostconcreteinsightshave comefrom ex-
perimentattechniques Alanine scanningmutagenesistudiesper
formedby Wells andcollaboratorg5, 24] onthe hGH/hGHbpsys-
temhave resultedin the hot-spottheoryof interactions According
to this theory althoughproteininteractionsurfacesare large and
comple, only afew speci c regionsof theinterfaceareresponsi-
ble for the majority of the interactionenegy. Similar studiesper
formed on other protein-proteinsystemshave provided evidence
for the generalapplicability of the hot-spottheory[3, 19, 21]. An
additionaltheoryformulatedwith the goal of explainingthe asso-
ciationrate of two proteinsappeardo have identi ed electrostatic
steeringasa major componenbf long-rangeinteractionsfor cer
tain protein-proteircomplexes[15, 20, 22].
Computationaktudiesanalyzingstaticcrystalstructuresof pro-
tein-proteincomplexeshave historically provided a roughview of
generalfeatureoundin protein-proteirinteractions.Several sur
veys of interfaceshave beenperformed[13, 16, 25] andtypically
have the following format: interfacesare de ned by a distance
threshold,the solvent excludedsurfacearea,or a combinationof
thetwo, andstatisticalanalyse®f geometriandbiochemicakthar
acteristicareperformed Resultsfrom thesestudiesncludeanav-
erageareaof protein-proteininterfaces( A ) andthe
morehydrophobimatureof interfacesin comparisorto otherpro-
tein surfaces. Thesestudieshave not faredwell whenattempting
to provide deeperinsightsinto protein-proteininteractions. The



key to usinga computationabpproachor unlockingtheinforma-

tion capturedn crystalstructuredatais the useof an appropriate
model, which canbe eitherphysicalor geometric. Recently Ko-

rtemmeand Baker [14] useda physicalapproachby applying a

simple force- eld modelof interactionsto probefree enegies at

protein-proteininterfaceswith relatively good success.The only

previous geometricapproactto de ning protein-proteirinterfaces
was describedby Varshng et al. [23]. Their de nition is asym-
metricwith respecto themoleculesandyieldsrelatively fractured
surfacesdueto the useof absolutedistancethresholds.

Methods and results. We use conceptsdevelopedin computa-
tional geometryandtopology[6] to de ne interfacesurfacesthat
aresymmetricandavoid fracturethroughthe useof arelative dis-
tancethreshold.The particularconceptsve baseour work on are
the Voronoidiagramwhoseapplicationto proteindatahasbeenpi-
oneeredy Richardg[18], the alphashaperepresentationf mole-
culesintroducedin [10], the discrete o w on the Delaunaysim-
plicesusedin the pastto de ne pockets[8] andto reconstrucsur
faced7], andthe assessmermf theimportanceof topologicalfea-
turesasde nedin [9]. Usingtheseconceptsye dealwith the dif-
cult andimportantproblemof specifyinginterfaceboundariesin
addition,we give a robustandef cient algorithmfor constructing
interfacesurfaces.Finally, we constructa level-of-focushierarchy
thatdistinguishegprotectedrom peripheralregions. We have im-
plementedthe algorithm and use examplesconstructedwith our
softwareto illustratethe primarily theoreticadiscussionsWe also
usethesoftwareto analyzebasicgeometriandtopologicalproper
tiesof interfacesurfacesandpresensomeof our ndings. A partic-
ularly tantalizingfactis the surprisinglyhigh correlationbetween
the protectedbortionsof theinterfacesurfacesandthe experimen-
tally determinechot-spotresiduef protein-proteirinteractions.

Outline. Section2 introduceghede nition of molecularinterface
surfacesandpresentshe algorithmfor constructinghem. Section
3 describesneasuredor analyzinginterfacesurfacesand prelim-
inary biochemicalapplications.Section4 discusse&xtensionsof
this work.

2. DEFINITION AND ALGORITHM

The de nition of aninterface surfacecombinestwo intuitions,
namelythatthe multi-chromaticpart of the Voronoidiagramis the
bestseparatiorbetweencomplexed molecules andthat the inter
estingportion of that separatioris protectedby a relatively tight
seal. In this section,we turn the two intuitionsinto an unambigu-
ousde nition andanef cient algorithm.

Smooth inspiration. The unambiguousonstructionof an inter-
facesurfaceis basedndiscretedataandis couchedn thelanguage
of discretegeometryandcombinatoriatopology We now describe
anintuitive smoothprocesghatmotivatesthediscretesteps.imag-
ine a smoothmapon space, . Assuming is generic,
we gain an understandingf the function by looking at its criti-
cal points, which are minima, saddlesof index one andtwo, and
maxima. We usethe critical pointsandtheir relationshipto form
a hierarchicalpartition of space.This is more easilydescribedn
onedimensionless,soimagineagenericsmoothmapontheplane,
, whosecritical pointsareminima, saddlesandmax-
ima. Now ood theplaneby continuouslyraisingthewaterlevel at
all locations.Structurallysigni cant eventshapperwhenwe reach
critical points:aminimumstartsa lake, a saddlesneigestwo lakes
or formsanisland,anda maximumendsanisland. An alternatve
way of ooding theplaneraiseghewaterlevel withoutseepageln
otherwords, the searisesbut minimado not automaticallystarta

lake whenthe waterreachegheir level. Watercaninvadetheland
only by owing over dams,which rst happensat saddles.Once
theseareaches saddlejt can o w into thebasinon theotherside,
whichis arecursve process Floodingstartsat the lowestpoint of
the basinuntil it reacheghe heightof that samesaddle, lling its
own basinsandcreatingits own islandsin the process.in theend,
thesequencef oods de nes a hierarchicalpartition of the plane
determinedy therelative positionandheightof the saddlepoints.
Returningto threedimensionsyve obtainasimilar hierarchicapar
tition of spacedeterminedy therelative positionandheightof the
saddlef index one.

To relatethis picturewith interfacesurfaces,let bea generic
smoothapproximationof the (negative) local distanceto the near
estatomor spherein a complex of molecules.In a nut-shell,the
hierarchyof interfacesurfacesis the cross-sectiorf the partition
of spacede ned by the surfacethat separateshe moleculesfrom
eachother Giving up the smoothpictureandtranslatingit into a
discreteconstructionturnsout to be a major undertaking put one
thatis worthwhile asit leadsto a stableandextremelyef cient al-
gorithm. In thetranslationwe mapcritical pointsto simplicesin the
Delaunaytriangulation:minimato tetrahedraindex-onesaddlego
trianglesindex-two saddledo edgesandmaximato vertices.Con-
tinuous ooding without o wing over critical pointstranslatesnto
a retraction,which we describeas the compositionof collapses.
Finally, a watershedventtranslatesnto the deletionof a tetrahe-
dron (the lowestpoint in the basin),a retraction( ooding of the
basin),andthe deletionof a triangle(the saddlecausingthe water
shed).Theretractionitself mayhave a complicatedecursve struc-
turemimickingtherecursve sequencef watershedThis structure
is rationalizedby a pairing of the critical pointsthat mark the be-
ginningandendof thewatersheds.

Surfaceswithout boundary. We begin the discreteconstruction
by turningthe rst intuition onseparatingomplexedmoleculesus-
ing the multi-chromaticsubcomplg of the Voronoidiagraminto a
technicaldescription.Consider moleculesgachrepresented
by its space- lling diagram, whichis aunionof nitely mary solid
spheresor ballsin . Denotethe collectionsof balls by to
andlet . We introducethe (weighted)\Voronoi
diagram, which decomposespaceinto convex cells, oneper ball
in . Formally, is the weightedsquae

distanceof a point from a ball with center
and radius , andthe Voronoi cell of is the set of
points  for which for all balls . In the

genericcase every Voronoicell is eitheremptyor a cornvex poly-

hedronwith non-emptyinterior. Similarly, the intersectionof two

Voronoi cellsis eitheremptyor a corvex polygon,thatof threeis

eitheremptyor aline segment,andthatof four is eitheremptyor

a point. The left picturein Figure 1 illustratesthis de nition for

two collectionsof disksin the plane. The color of a polyhedron
is theindex of the collection  thatcontainsthe generatingball.

A Voronoipolygonbelongsto exactly two polyhedraandis there-
fore eithermono-chromatior bi-chromatic. Similarly, a Voronoi
segmentor pointcanbeeithermono-chromatior multi-chromatic,
andthelatteroccursif andonly if it belonggo abi-chromaticpoly-

gon. Theinterfacesurface consistsof all

multi-chromaticVoronoipolygons,sggmentsandpoints.

For moleculesgachmulti-chromaticsegmentbelongsto
exactly two bi-chromatigpolygons,andeachmulti-chromatigpoint
belongsto a topologicaldisk formedby threeor four bi-chromatic
polygons. It follows the interfacesurfaceis a 2-manifoldwithout
boundaryandbecausét separatesolor-1 from color-2 polyhedra,
it is necessarilyorientable. For moleculeswe may have



Figure 1: Left: the solid bi-chromatic Voronoi segmentsform the interface curve that separatesthe two collectionsof disks. The
dotted mono-chromatic segmentscompletethe Voronoi diagram. Right: the dual complexof the union of disks and the shrunken

and clipped interface curve separatingthe two collections.

tri-chromaticsggmentsandtri- and four-chromaticpoints. After
remwving thesesegmentsand points from , we get a (possibly
empty) orientable2-manifold without boundaryfor eachpair of
colors. These2-manifoldst togetheiin tripletsalongtri-chromatic
cunesandin six-tupletsaroundfour-chromaticpoints.

Growth and ltration. Beforeincorporatingthe secondntuition
into thede nition, we needto understandheevolution of thespace
ling diagramasthe ballsgrow. The key concepthereis the |-
tration of dualcomplees. We begin by introducingthe (weighted)
Delaunaytriangulation  obtainedby dualizingthe Voronoi dia-
gram: for every collectionof Voronoi cells with non-emptycom-
monintersectiorwe addthecorvex hull of thecentersf thegener
atingballsto . In theassumedjenericcasethecorvex hulls are
simplicesof dimension0 to 3: vertices,edgestrianglesandtetra-
hedra.Similarly, we obtainthedualcomplex  of thespace- lling
diagram by dualizingthe restrictionof the VVoronoidia-
gramto the space- lling diagram:for every collectionof Voronoi
cellswhosecommonintersectioncontainspointsof ~ we addthe
corvex hull of the centersof the generatingoallsto . Theright
picturein Figurel illustratesthis de nition.

Now imaginewe grow the balls simultaneouslyin sucha way
thatthe Voronoidiagramdoesnot change.Letting betime,
we accomplistthis by growing theball with center andsquare
radius totheball with thesamecenter andwith squarera-
dius attime . (For negative time we may have negative
squareradii, which correspondo imaginaryradii andballs.) The
growth doesnot affect the Voronoi diagrambecauseét doesnot
changehedifferencebetweenrary two squareradii. It follows that
the Delaunaytriangulationdoesnot changeandthe dual comple
containgprogressiely moresimplicesuntil it eventuallyequalshe
Delaunaytriangulation.We areinterestedn thedetailedevolution.
Sincethereareonly nitely mary simplices,we have only nitely
mary differentdual complexes,which form a nestedsequenceén-
terpolatingbetweerthe emptycomplex andthe Delaunaytriangu-
lation:

We refer to this sequencasthe Itr ation of dual complees. An
elementarystepin the evolution consistsof addingthe simplices
to . Inthegenericcasethishappensvhenthe
(growing) space- lling diagramencountersa nev Voronoi point,
segment,polygonor polyhedron.We distinguishbetweencritical
eventsin whichthereis only onesuchsimplex andregular events
in which  differsfrom by two or moresimplices. There

are threeparticulartypesof events,two critical and one regular,
that are morerelevant to the constructionof the interfacesurface
thanothers:

Type 1. Four balls closein from all directionson a Voronoi
point. This correspondso addinga singletetrahedrorio the
dualcomple.

Type 2. Threeballsclosein from all normaldirectionsonaseg-
ment,eventuallytouchingit ataninterior point. This corre-
spondgo addingasingletriangleto thedualcomplex.

Type 3. Fourballsclosein onaVoronoipoint, but they leave a
gaparoundoneof theincidentseggmentsandencounteboth
atthe samemoment. This corresponds$o addinga triangle-
tetrahedrorpair to the dualcomplex.

A commonrepresentationf the ltration is the list of simplices
orderedby thetime they join thedualcomple. Simplicesthatjoin
at the samemomentare orderedby dimensionandremainingties
arebrokenarbitrarily. An algorithmfor constructinghis represen-
tation canbefoundin [10], andsoftwareis publically availablein
[26]. It rst computeghe Delaunaytriangulationthendetermines
thetimesthe simplicesjoin the dualcomple, and nally sortsthe
Delaunaysimplicesby time anddimension.For biomoleculadata,
thenumberof Delaunaysimplicesis typically someconstantimes
thenumberof balls, , andthe Delaunaytriangulationcanbe con-
structedin time O( ), seeeg. [6]. Determiningthetimesand
sortingthe simplicestakesagaintime O( ).

Boundary thr oughretraction. We are now readyto incorporate
the secondntuition into the de nition, namelythatthe interesting
portionof theinterfacesurfaceis protectedy arelatively tight seal.
Portionsoutsidethis sealareremoved by retraction,which canbe
understoodas a reversal of the gronth processrelaxed to a par
tial order[7]. We explain this by consideringthe lItration of dual
complees. Re-inde the simplicesin the correspondingequence
suchthat isthe -th new simplexin . In the genericcase,
thesimplicesin form anabstracsimplex: thereare
simplices , for ,andevery s faceof
andhas asaface. We write to expressthe
latterproperty For thetime being,we areonly interestedn regular
eventscharacterizedby . Adding the simplicesto
doesnot affectits homotopy type. We notethat is freein

, by which we meanthatit is faceof the facesof a singlesim-
plex, namelyof , but of no othersimplexin . We referto the
operationthatdeletes togetherwith all simplicesthat containit



Figure 2: Four interface surfacesin the level-of-focushierarchy of the barnase-barstarcomplex. The two colors distinguish clipped
polygonsnext to the boundary fr om unclipped polygonsin the interior.

asacollapse In our algorithm,we useonly collapsedor which

is a tetrahedron.Triangles,edgesand verticesthat do not belong
to ary remainingtetrahedroraredeletedassoonasthey arise.We
alsorequirethata collapsedeletesall andnot just somesimplices
joining thedualcomplex atthe samemoment.We de ne aretrac-
tion asa maximalsequencef collapsesln otherwords,it applies
collapsego a given complec until thereis no further collapsepos-
sible. In theimplementatiorof this operationwe maintaina stack
of candidatepairs , with new pairspushedon the stackwhen
they appearWe maythink of aretractionasthe procesof succes-
sively deletingsinksfrom anagyclic directedgraph.It follows that
theresultof the operationis independenof the sequencén which
the collapsesare performed. We nally geta shrunlen interface
surfaceasa side-efect of retainingonly polygonsthatcorrespond
to bi-chromaticedgedn theretracteccomple. If thisis aninterior
edgethenwe retain the entire polygon, elsewe clip the polygon
andretainonly the piecesthat correspondo incidenttetrahedran
theretracteccomplex. Figure? illustratesthis ideaby shaving the
retractednterfacesurfaceof two compleedproteinsonthefarleft.

Hierar chy through persistence. It remainsto explore the criti-
cal eventscharacterizedy , thatis, is the only
new simple<in . We usethe conceptof topologicalpersistence
to quantify how different is from beingregular Sucha notion
makessenséecauseheadditionof to eithercreater de-
stroys a topologicalfeatureand,asshavn in [9], thereis a unique
critical matchingsimplex  thatearliercreatedvhat destrgys or
thatwill laterdestry what createsWe call thetime-lagbetween
the additionof andthe additionof the persistenceof both.
Supposdor examplewe have a critical triangle  anda matching
critical tetrahedron in quick succession.Thentheir persistence
is smallindicatingthatthe pair is very similar to aregulareventin
which and would join the dualcomplex atthe samemoment.
Thealgebraidgusti cation of this de nition is beyondthe scopeof
this paperandgivenin [9] alongwith analgorithmthatgenerates
thematchingpairsin worst-casgime O( ), where isthenum-
ber of simplicesin the Delaunaytriangulation. Our experimental
resultsfor protein datasuggesthowever that the runningtime is
muchbetter namelyO( ) or similar.

We now take the shrinkingprocessheyond theinitial retraction
step.Let beamatchingeritical triangle-tetrahedropairgen-
eratedby thetopologicalpersistencalgorithm. In the forward di-
rectionof the Itration, the additionof createsa void which is
destryed by thelateradditionof . We usethe pair to de ne an
extensionof the collapseoperation,which we call aremawal: as-

suming lies onthe boundaryof the remainingcomple, we rst
delete andthenretractaround . If the retractionreachesfar
enough,then getsdeletedjust becauséoth its tetrahedrehave
beendeleted. However, it canhappenthatthe retractiondoesnot
reachall theway, in which casewe recursefor otherpairsof sim-
plicesbeforedeleting . Think of theretractionfrom ascreating
a domein the spacebetweenthe moleculesandthe triangle as
the entranceor the biggestgapin the seal surroundingthe dome.
We cannow interpretthetimes and when and join thedual
complex asthe sizesof the entranceandthe dome. We de ne the
sealvalueof as ——. To decidewhetheror notto
remove  and in the rst place,werequirethat and areboth
positive andthat exceedsa positive constanthreshold
Since succeeds in the ltration, we have andtherefore
. Thesealvaluecanbelargefor two reasonsbecause
the differencein size betweerthe domeandthe entrances small
or becaus¢heentrances large. Theremoval processs thusbiased
againstboth. Note alsothatfor we have

@)

This monotonicitypropertyis importantfor the correctnessf our
algorithmbecausdf theretractionaround doesnotreach then
this canonly bebecausehereis atriangle between and that
split thevoid createdby beforeit wasdestryedby . Butthen
the otherbranchwasdestryed by atetrahedron preceding in
the ltration. In otherwords, , where and

arethetimes and join the dual comple. Inequality (1)
guaranteethatthesimplicesbetween and aredeletedby recur
sive removals sothat caneventually be deleted. The algorithm
startswith the Delaunaytriangulationandendswith a subcomplz
that allows no further collapsesor removals. Figure 2 illustrates
theresultof shrinkingwith four stepsn themuchlongernestedse-
qguenceof interfacessurfacesof the barnase-barstamomplex. The
runningtime for constructinghe hierarchyis constanipersimplex
in the DelaunaytriangulationandthereforeO( ).

3. ANALYSIS

We believe thatthe primary useof molecularinterfacesurfaces,
asde nedin thispaperwill beto teaseoutusefulinformationabout
protein-proteininteractions. This can either be donedirectly, by
studyingthe interfaceasa geometricobjectin its own right, or by
usingit asa domainon which functionsexpressingbiochemical
dataarede ned. An importantcomponenbdf theseanalysess vi-
sualizationof the interfacesurfaces.As anillustrationwe provide



severalexamplesin Figure3to 7.

Hot-spotsin protectedregions. The mainreasorfor creatingthe
level-of-focushierarchyof theinterfaceis its facility to distinguish
protectedrom peripherakegions. To demonstrat¢he biochemical
implication of this hierarchy we shav that residueswhich have

atomsinvolved in the late stagesof the hierarchyare somehav

morecritical for theinteraction.We do this by constructinga sim-

ple functionwhich we thenuseto distinguishhot-spotfrom neutral
residuesin the interface. Letting  be a residue,

its polygonsin theinterfacewhich are generatedy its side-chain
atomswede ne

where is the fraction of the interfacesurface
thatbelongsto , including , attime when enterstheinter-
facesurface. We predict asa hot-spotresidueif
andasaneutralresidueotherwise .Usingthealaninescanninglata
for the nineteenprotein complees studiesin [14] and settingthe
thresholdfor ahot-spotresidueat  kcal/mol,we nd that

and of the hot-spotandneutralresiduesareidenti ed cor-
rectly, respectiely. It is importantto notethatwe have limited the
functionto side-chairatomsalone,asthis is mostconsistentvith
analaninescanningexperiment. This methodis similarin predic-
tive power to the physicalmodel of [14], which achieves slightly
betterpercentagefor a thresholdof kcal/molandworseper
centagedor the thresholdof kcal/molwe use. While prelimi-
nary, theseresultstestify to the potentialof the interfacesurfacein
rationalizingbiochemicaprocessethatde ne proteininteractions.
We notefor examplethatthelevel-of-focushierarchyis ageometric
realizationsimilar to the O-ringswhich Boganand Thorn[2] con-
jecturesurroundhot-spotsn proteininteractionspor to the protec-
tion phenomenaf wrappedhydrogenbonds[11]. In this physical
analogy the sealvalue becomes measuref how dif cult it is to
breakinto adome.However, atpresentve still lack anunderstand-
ing of the intimate biochemicaldetailsof what the level-of-focus
hierarchycapturesandareworking towardsthis goal.

Global measures. Onegoal of ourresearchs the classi cationof
interfacesinto typesthat correspondo differentkinds of protein-
proteininteractions.We seekglobal measurementthat arelik ely
to have biochemicalsigni cance. For example,it is generallyac-
knowledgedthatfor large areainterfacesit is importantto have a
goodgeometrict betweerthe proteins while for smallareainter
facessuchaconclusionis questionableHerewe focusontopolog-
ical andgeometricassessmentsf how contortednterfacesare.

We bagin with topologicalcharacteristicstestrictingoursehes
to the relatively simple bi-chromaticcase,in which the interface
is an orientable2-manifold with boundary Topologically a such
connectedmanifold is completelycharacterizedy its genusand
its numberof holesor boundarycycles[17]. Most interfaceswe
have examinedthusfar have genuszero, but thereare exceptions.
Oneis the interfacecreatedby vipoxin comple, a phospholipase
A boundto its proteininhibitor, shavn in Figure6. It hasgenus
three,indicatingthe existenceof threepairsof linking cyclesthat
lock the two proteinstogether consistenwith the high biochemi-
cal stability of this complex in solution. In the bi-chromaticcase,
having the numberof holesthat exceedsoneis possible. For ex-
ample,a portion of the Delaunaytriangulationmay shrink from a
mono-chromatidriangleon its boundaryandin this way puncha
holein theinterface.

An interfacecanbe highly contorteddespitehaving zerogenus.

[ Name| Area AD [ Name] Area AD |
Protease-Inhibitor
2ptc 575 0.436] Imct 694 3.358
lavw | 1011 3.713 | 3tpi 643 1.166
1tgs 734 2.734| 1cho 736 0.289
lacb 717 3.751| 1cbw | 653 0.059
1ppf 900 -0.628 1e 546 2.088
2kai 776 1.357 | lhia 847 2.781
3sgb 462 1.778|| 1cse 745 3.167
2sic 717 0.713 | 2sni 869 -0.924
1stf 718 -1.781| 4cpa 672 1.228
Largeproteaseomplees
Ibth 871 2.819] 4htc [ 1035 1.020
1tbq | 1477 -3.923| 1toc | 1386 -2.334
ldan | 1859 2.857
Antibody-antigen
TjhI 638 0.609] 1vib 585 0.642
Imlc 510 0.194( 3h 719 3.690
3hfm 825 1.528| 1fbi 617 3.701
1mel 502 4.792|| 1dvf 775 -0.401
1nfd 904 -0.110|| 1ao7 866 -0.197
2jel 638 1.372| 1nca | 1308 -1.793
Inmb| 921 -0.764| 1lnsn | 1089 1.418
losp 747 -2.164 || 1gfu | 1307 -0.641
liai 1000 0.545| 1kb5 | 1151 -0.293
Enzymecomplexes
2pcc 580 -2.609] Igla 712 -1.150
lbrs 703 -4.176 | 1udi 906 -0.125
1dhk | 1686 -0.717| 1fss 728 3.702
lydr 783 -0.349 || 1dfj 1795 -0.668
G-proteinscell cycle, signaltransduction
Ta0o 397 1.647] 1gua | 617 1.272
la2k 966 -0.801| lagr | 1278 -0.646
1tx4 | 1219 -1.921| 1gg2 | 1788 -1.921
lgot | 1550 -2.017|| 2trc 2408 3.758
1n 1533 4.321|| laip | 1639 2.705
lefu | 2205 -2.961
Miscellaneous
Tak4 409 0.8217] ligc 498 0.700
lefn 488 -1.827| 1fc2 604 -0.029
1seb | 1081 1.486| latn 796 -2.109
lycs 560 1.137 || 2btf 1048 0.642
lhwg | 2022 4.995| 1dkg | 1662 1.613

Table1: Areaandtotal anglede ciency (AD) of 70proteincom-
plexesgroupedinto six functional categories.

To geta handleon this phenomenonwe measurdhe averagecur
vatureandthe variationfrom thataverage. A usefulresultin this
contet is the Gauss-Bonnetheoremthat stateghe total Gaussian
cunatureis aninvariantof a closedorientable2-manifold,namely
equalto times one minus the genus[12]. Interfacesare not
smoothso we needan equivalent piecavise linear concept. For a
vertex , we call its angle de ciency, where
is theangleof the -th interfacepolygonat . Thetotal angle
de ciencyis the sumof anglede cienciesover all
interior vertices: . Following the conventionfrom
non-Euclidearyeometryweclassify aselliptic, at or hyperbolic
dependingon whether is positive, zeroor negative. We usethe
averageanglede ciency asabaselineandmeasureheroot-mean-
squarevariationas

andcall it thewrinklednesf . It is straightforvard to compute
thetotalanglede ciency andthewrinklednessn time proportional



to thenumberof verticesof theinterface.

To gainanintuition for severalof thegeometrigglobalmeasures,

we computethemfor interfacesurfacesgeneratedfter the initial
retractionfrom a setof seventy pairwiseprotein-proteircomplexes
taken from [4]; seeTablel. The areaof rangesfrom 397 to
2408A with ameanof 963A . Theinterfacial solventexcluded

surfacearea(SESA) as computedin [4] is a two-sidedmeasure,

with comparablareagangingfrom 930to 4430A with ameanof
1906A . Thereis anapproximatdinearcorrelationbetweerSESA
andinterfacesurfaceareaof with a correlationcoefcient of

The total anglede ciency resultsshawv that interfacesare con-
torted and spanthe entirerangefrom hyperbolic(-4.176radians)
to elliptic (4.995radians);seeTablel. Thisis in clearcontrastto
the classicalview of the protein-proteininterfacethat hasonly a
small(  A) meandeviationfrom planarity[13, 4]. Thisdiscrep-
ang in resultscanbe explainedby the planaritymeasuren these
previous studieswhich rst groupatomsinto subsetdy a heuris-
tic andthentake the root-mean-squardistanceof eachsubsetof
atomsagainstheirleast-squarelanes.This generateanaveraged
local measureasopposedo our globalmeasuref total anglede-
ciency. In contrasto total anglede ciency, thewrinklednesshas
little variancewith a meanvalue of approximately  for the set
of protein-proteircomplexesconsideredPerhapsot surprisingly
thewrinklednessiotablyincreasesvhenhydrogensareaddedinto
thestructures.

4. CONCLUSION

Given two or more proteinsin comple, eachrepresentedy a
space- lling diagram,we presenta rigorousmathematicatle ni-
tion for aninterfacesurfacebetweerthem. This surfaceprovidesa
moredetailedview of theinteractionregion thantraditionalmeth-
ods. Takingtheinterfacesurfaceasanindependenentity, we may
study it by de ning geometricand topological measuresover it
and map propertiesof both proteinson it. Additionally, we de-
ne alevel-of-focushierarchywhichdecomposetheinterfacesur
faceinto protectedregionsthatappearto be biochemicallyimpor-
tant. This hierarchymaybestudiedon its own or incorporatednto
measuresle ned over theinterfacesurfaceto enhanceheir analy-
sis. Our novel representatioof the interfacesurfacewill allow for
new insightsanddiscoreriesin thestudyof protein-proteirinterac-
tions. The generalityof the interfacesurfacede nition alsoopens
up otherpossibilities,suchasstudyingwaterat protein-proteinn-
terfacesorinternalpackingof proteins.We mightaskhow different
structuralmotifs within a single proteinform internalsurfaces,or
geometricallycharacterizesubtlestructuralrearrangementsrucial
to thefunctioningof proteins.In closing,we notethatalthoughwe
focuson applicationsin proteininteractionsthe interfaceconcept
itself is generabndthereareotherareassuchasnanostructuresn
which interfacesariseandour geometriddeasareuseful.
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Figure 3: Threeviewsof the interface betweenBarnaseand Barstar, a bacterial ribonucleaseand its protein inhibitor , respectvely.
This experimentally well-studied complex has sewved as a model systemfor studying protein-protein interactions, in particular for
characterizing binding hot-spots. The interface is somewhatsmaller than averagebut is fairly typical in terms of shape.Generated

frompdb le 1BRS.

Figure 4: Two views of the interface betweencolicin E9 DNaseand the immunity protein IM9, atoxin producedduring cell stress
and its inhibitor , respectively. The af nity in the E9-IM9 complexis extremelytight (sub-femtomolar). This interface is alsosmaller

than average,but hasa very prominent saddleshape.Generatedfrom pdb le 1BXI.

Figure 5: Two views of the interface in human hemoglobin that demonstratethe utility of theserepresentationsfor multimeric
complexes.Hemoglobin consistsof four separatebut identical chainsand the resulting interface shows the more complicatednature

of a multi-subunit interaction. Generatedfrom pdb le 1A3N.



Figure 6: On the left, a view of the interface betweenhuman angiogeninand a placental ribonucleaseinhibitor . The interaction
betweentheseproteinsis extremelytight (femtomolar) and the interface exhibits both a very large surface areaand an interesting
overall bent shape.Generatedfrom pdb le 1A4Y. On theright, a view of interface in the neurotoxic vipoxin complexfrom Westen
SandViper consistingof phospholipaseA2 and its inhibitor . A rather unusualinterface with genus3. Generatedfrompdb le 1JLT.

Figure 7: Four viewsof the interface in HIV -1 proteasea homo-dimeric protein complex. This enzymehasbeenan important target
for drug developmentagainstAIDS. The interface is fairly complex,in part dueto the " aps' involvedin the interaction betweenthe
two subunits. Generatedfrom pdb le 3AID.



