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ABSTRACT
Protein-proteininteractions,which form thebasisfor mostcellular
processes,result in the formationof proteininterfaces.Believing
that the local shapeof proteinsis crucial,we take a geometricap-
proachandpresenta de�nition of an interfacesurfaceformedby
two or moreproteins.We alsopresentanalgorithmandstudythe
geometricandtopologicalpropertiesof thesesurfaces,thuspaving
the way for future biochemicalstudiesof protein-proteininterac-
tions.

Categoriesand SubjectDescriptors
I.3.5 [ComputerGraphics]: ComputationalGeometryandObject
Modeling — geometricalgorithms; J.2 [ComputerApplications]:
PhysicalSciencesandEngineering— chemistry, physics; J.3[Com-
puterApplications]:Life andMedicalSciences— biology andge-
netics.

GeneralTerms
Algorithms,Theory.

Keywords
Proteininteraction,interfacesurfaces,geometricand topological
algorithms,Voronoidiagrams,�ltrations.

1. INTRODUCTION
Protein-proteininteractionsform thebasisfor mostcellularpro-

cessesthat includeeventsintimately linkedto humandiseasesuch
ascell division andgrowth. Althoughprotein-proteininteractions
arerankedhighonthelist of unsolvedproblems,they remainpoorly
understoodin regardto basicclassi�cation,speci�city of recogni-
tion, andenergeticsof binding. A comparisoncan be madebe-
tweenthe currentstateof the protein-proteininteraction�eld and
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the�eld of proteinstructureprior to thedescriptorsandclassi�ca-
tionsthathave now becomepartof thestandardlanguage.Specif-
ically, following the de�nition of � -helicesand � -sheetsand the
determinationof numerousproteinstructures,it becamepossibleto
visualizeandclassifyproteinsinto families(e.g. � -barrelsor � - � -

� sandwiches).Theseclassi�cationshave led to importantinsights
into protein function, protein folding mechanisms,protein struc-
tureprediction,andevolutionaryrelationships.Eventoday, efforts
at de�ning the functionsof the many uncharacterizedproteinsin
the humanproteome(about50%) rely heavily on thesemethods
anddescriptors.In ananalogousmanner, descriptorsof proteinin-
terfacesbasedon geometry(shape)andphysics(forces)thatallow
for visualization,characterization,andclassi�cation,canbe envi-
sionedasusefulto theprotein-proteininteractioncommunity. For
example,studiesof the interfacial characteristicsmay reveal re-
gionsof known importancesuchasbinding hotspots,siteswhere
mutationof speci�c residueleadsto signi�cant lossin bindingen-
ergy. Generalinterfacialcharacteristicsto beexaminedincludege-
ometricfeaturessuchasdistances,pockets,wrinklednessandphys-
ical characteristicssuchaselectrostaticsandhydrophobicity.

Prior work. Information that elucidatesthe driving forcesand
pinpoints the speci�city of protein-proteininteractionshas been
extremely dif�cult to obtain via either experimentalor computa-
tional approaches.Themostconcreteinsightshave comefrom ex-
perimentaltechniques.Alaninescanningmutagenesisstudiesper-
formedby Wellsandcollaborators[5, 24] on thehGH/hGHbpsys-
temhave resultedin thehot-spottheoryof interactions.According
to this theory, althoughprotein interactionsurfacesare large and
complex, only a few speci�c regionsof the interfaceareresponsi-
ble for themajority of the interactionenergy. Similar studiesper-
formed on other protein-proteinsystemshave provided evidence
for thegeneralapplicabilityof thehot-spottheory[3, 19, 21]. An
additionaltheoryformulatedwith thegoalof explaining theasso-
ciationrateof two proteinsappearsto have identi�ed electrostatic
steeringasa major componentof long-rangeinteractionsfor cer-
tain protein-proteincomplexes[15, 20,22].

Computationalstudiesanalyzingstaticcrystalstructuresof pro-
tein-proteincomplexeshave historicallyprovideda roughview of
generalfeaturesfoundin protein-proteininteractions.Severalsur-
veys of interfaceshave beenperformed[13, 16, 25] andtypically
have the following format: interfacesare de�ned by a distance
threshold,the solvent excludedsurfacearea,or a combinationof
thetwo,andstatisticalanalysesof geometricandbiochemicalchar-
acteristicsareperformed.Resultsfrom thesestudiesincludeanav-
erageareaof protein-proteininterfaces( ���	��
�

����
�


	A � ) andthe
morehydrophobicnatureof interfacesin comparisonto otherpro-
tein surfaces.Thesestudieshave not faredwell whenattempting
to provide deeperinsights into protein-proteininteractions. The



key to usinga computationalapproachfor unlockingtheinforma-
tion capturedin crystalstructuredatais the useof an appropriate
model,which canbe eitherphysicalor geometric.Recently, Ko-
rtemmeand Baker [14] useda physicalapproachby applying a
simple force-�eld modelof interactionsto probefree energiesat
protein-proteininterfaceswith relatively goodsuccess.The only
previousgeometricapproachto de�ning protein-proteininterfaces
was describedby Varshney et al. [23]. Their de�nition is asym-
metricwith respectto themoleculesandyieldsrelatively fractured
surfacesdueto theuseof absolutedistancethresholds.

Methods and results. We useconceptsdevelopedin computa-
tional geometryandtopology[6] to de�ne interfacesurfacesthat
aresymmetricandavoid fracturethroughtheuseof a relative dis-
tancethreshold.Theparticularconceptswe baseour work on are
theVoronoidiagramwhoseapplicationto proteindatahasbeenpi-
oneeredby Richards[18], thealphashaperepresentationof mole-
culesintroducedin [10], the discrete�o w on the Delaunaysim-
plicesusedin thepastto de�ne pockets[8] andto reconstructsur-
faces[7], andtheassessmentof theimportanceof topologicalfea-
turesasde�ned in [9]. Usingtheseconcepts,we dealwith thedif-
�cult andimportantproblemof specifyinginterfaceboundaries.In
addition,we give a robustandef�cient algorithmfor constructing
interfacesurfaces.Finally, we constructa level-of-focushierarchy
thatdistinguishesprotectedfrom peripheralregions. We have im-
plementedthe algorithm and useexamplesconstructedwith our
softwareto illustratetheprimarily theoreticaldiscussions.Wealso
usethesoftwareto analyzebasicgeometricandtopologicalproper-
tiesof interfacesurfacesandpresentsomeof our�ndings. A partic-
ularly tantalizingfact is the surprisinglyhigh correlationbetween
theprotectedportionsof theinterfacesurfacesandtheexperimen-
tally determinedhot-spotresiduesof protein-proteininteractions.

Outline. Section2 introducesthede�nition of molecularinterface
surfacesandpresentsthealgorithmfor constructingthem.Section
3 describesmeasuresfor analyzinginterfacesurfacesandprelim-
inary biochemicalapplications.Section4 discussesextensionsof
this work.

2. DEFINITION AND ALGORITHM
The de�nition of an interfacesurfacecombinestwo intuitions,

namelythatthemulti-chromaticpartof theVoronoidiagramis the
bestseparationbetweencomplexed molecules,andthat the inter-
estingportion of that separationis protectedby a relatively tight
seal. In this section,we turn the two intuitions into anunambigu-
ousde�nition andanef�cient algorithm.

Smooth inspiration. The unambiguousconstructionof an inter-
facesurfaceis basedondiscretedataandis couchedin thelanguage
of discretegeometryandcombinatorialtopology. Wenow describe
anintuitivesmoothprocessthatmotivatesthediscretesteps.Imag-
ine a smoothmapon space,���������	� . Assuming� is generic,
we gain an understandingof the function by looking at its criti-
cal points,which areminima, saddlesof index oneandtwo, and
maxima. We usethe critical pointsandtheir relationshipto form
a hierarchicalpartition of space.This is moreeasilydescribedin
onedimensionless,soimagineagenericsmoothmapontheplane,

���
�

�

��� , whosecritical pointsareminima,saddles,andmax-
ima. Now �ood theplaneby continuouslyraisingthewaterlevel at
all locations.Structurallysigni�cant eventshappenwhenwereach
critical points:aminimumstartsa lake,asaddlesmergestwo lakes
or formsanisland,anda maximumendsanisland. An alternative
wayof �ooding theplaneraisesthewaterlevel withoutseepage.In
otherwords,the searisesbut minimado not automaticallystarta

lake whenthewaterreachestheir level. Watercaninvadetheland
only by �o wing over dams,which �rst happensat saddles.Once
theseareachesasaddle,it can�o w into thebasinontheotherside,
which is a recursive process.Floodingstartsat thelowestpoint of
thebasinuntil it reachesthe heightof that samesaddle,�lling its
own basinsandcreatingits own islandsin theprocess.In theend,
thesequenceof �oods de�nes a hierarchicalpartitionof theplane
determinedby therelative positionandheightof thesaddlepoints.
Returningto threedimensions,weobtainasimilarhierarchicalpar-
tition of spacedeterminedby therelativepositionandheightof the
saddlesof index one.

To relatethis picturewith interfacesurfaces,let � be a generic
smoothapproximationof the(negative) local distanceto thenear-
estatomor spherein a complex of molecules.In a nut-shell,the
hierarchyof interfacesurfacesis thecross-sectionof thepartition
of spacede�ned by the surfacethat separatesthe moleculesfrom
eachother. Giving up the smoothpictureandtranslatingit into a
discreteconstructionturnsout to be a major undertaking,but one
that is worthwhileasit leadsto a stableandextremelyef�cient al-
gorithm.In thetranslationwemapcritical pointsto simplicesin the
Delaunaytriangulation:minimato tetrahedra,index-onesaddlesto
triangles,index-two saddlesto edges,andmaximato vertices.Con-
tinuous�ooding without �o wing over critical pointstranslatesinto
a retraction,which we describeas the compositionof collapses.
Finally, a watershedevent translatesinto thedeletionof a tetrahe-
dron (the lowestpoint in the basin),a retraction(�ooding of the
basin),andthedeletionof a triangle(thesaddlecausingthewater-
shed).Theretractionitself mayhaveacomplicatedrecursivestruc-
turemimickingtherecursivesequenceof watershed.Thisstructure
is rationalizedby a pairing of thecritical pointsthatmark thebe-
ginningandendof thewatersheds.

Surfaceswithout boundary. We begin the discreteconstruction
by turningthe�rst intuition onseparatingcomplexedmoleculesus-
ing themulti-chromaticsubcomplex of theVoronoidiagraminto a
technicaldescription.Consider��
�� molecules,eachrepresented
by its space-�lling diagram, which is aunionof �nitely many solid
spheresor balls in ��� . Denotethe collectionsof balls by ��� to

��� andlet �����

�

���

�

�

� . We introducethe (weighted)Voronoi
diagram, which decomposesspaceinto convex cells,oneper ball
in � . Formally, ���! #"%$��'&("*),+-&

�

)/.

�

is the weightedsquare
distanceof a point "102�3� from a ball 4 with center +506���

and radius .705� , and the Voronoi cell of 4802� is the set of
points " for which �

�
 #"�$:9;�-<= #"%$ for all balls >/06� . In the

genericcase,every Voronoicell is eitheremptyor a convex poly-
hedronwith non-emptyinterior. Similarly, the intersectionof two
Voronoi cells is eitheremptyor a convex polygon,thatof threeis
eitheremptyor a line segment,andthatof four is eitheremptyor
a point. The left picture in Figure1 illustratesthis de�nition for
two collectionsof disks in the plane. The color of a polyhedron
is the index of thecollection �

� that containsthegeneratingball.
A Voronoipolygonbelongsto exactly two polyhedraandis there-
fore eithermono-chromaticor bi-chromatic. Similarly, a Voronoi
segmentor pointcanbeeithermono-chromaticor multi-chromatic,
andthelatteroccursif andonly if it belongsto abi-chromaticpoly-
gon. Theinterfacesurface?@�A?B C�

�
�D�

�

��EFEFE �G�H�($ consistsof all
multi-chromaticVoronoipolygons,segmentsandpoints.

For �I�6� molecules,eachmulti-chromaticsegmentbelongsto
exactly two bi-chromaticpolygons,andeachmulti-chromaticpoint
belongsto a topologicaldisk formedby threeor four bi-chromatic
polygons. It follows the interfacesurfaceis a 2-manifoldwithout
boundary, andbecauseit separatescolor-1 from color-2 polyhedra,
it is necessarilyorientable. For �8JK� moleculeswe may have



Figure 1: Left: the solid bi-chromatic Voronoi segmentsform the interface curve that separatesthe two collectionsof disks. The
dotted mono-chromatic segmentscompletethe Voronoi diagram. Right: the dual complexof the union of disks and the shrunken
and clipped interface curve separatingthe two collections.

tri-chromaticsegmentsand tri- and four-chromaticpoints. After
removing thesesegmentsand points from ? , we get a (possibly
empty) orientable2-manifold without boundaryfor eachpair of
colors.These2-manifolds�t togetherin tripletsalongtri-chromatic
curvesandin six-tupletsaroundfour-chromaticpoints.

Growth and �ltration. Beforeincorporatingthesecondintuition
into thede�nition, weneedto understandtheevolutionof thespace
�lling diagramasthe ballsgrow. The key concepthereis the �l-
trationof dualcomplexes.We begin by introducingthe(weighted)
Delaunaytriangulation � obtainedby dualizingtheVoronoi dia-
gram: for every collectionof Voronoi cells with non-emptycom-
monintersectionweaddtheconvex hull of thecentersof thegener-
atingballsto � . In theassumedgenericcase,theconvex hulls are
simplicesof dimension0 to 3: vertices,edges,trianglesandtetra-
hedra.Similarly, weobtainthedualcomplex � of thespace-�lling
diagram� �

�
� by dualizingtherestrictionof theVoronoidia-

gramto thespace-�lling diagram:for every collectionof Voronoi
cellswhosecommonintersectioncontainspointsof � we addthe
convex hull of thecentersof thegeneratingballs to � . The right
picturein Figure1 illustratesthis de�nition.

Now imaginewe grow the balls simultaneouslyin sucha way
that theVoronoidiagramdoesnot change.Letting � 0:� betime,
we accomplishthis by growing theball 4 with center+ andsquare
radius .

�

to theball 4�� with thesamecenter+ andwith squarera-
dius .

���

� at time � . (For negative time we may have negative
squareradii, which correspondto imaginaryradii andballs.) The
growth doesnot affect the Voronoi diagrambecauseit doesnot
changethedifferencebetweenany two squareradii. It follows that
theDelaunaytriangulationdoesnot changeandthedual complex
containsprogressively moresimplicesuntil it eventuallyequalsthe
Delaunaytriangulation.Weareinterestedin thedetailedevolution.
Sincethereareonly �nitely many simplices,we have only �nitely
many differentdualcomplexes,which form a nestedsequencein-
terpolatingbetweentheemptycomplex andtheDelaunaytriangu-
lation:

�

�	��
��
�
�

� EFEFE������ �	� E

We refer to this sequenceasthe �ltr ation of dual complexes. An
elementarystepin the evolution consistsof addingthe simplices

�

0����()������
� to �����

� . In thegenericcase,thishappenswhenthe
(growing) space-�lling diagramencountersa new Voronoi point,
segment,polygonor polyhedron.We distinguishbetweencritical
eventsin whichthereis only onesuchsimplex � andregular events
in which ��� differs from �����

� by two or moresimplices. There

are threeparticulartypesof events,two critical and one regular,
that aremorerelevant to the constructionof the interfacesurface
thanothers:

Type 1. Four balls close in from all directionson a Voronoi
point. This correspondsto addinga singletetrahedronto the
dualcomplex.

Type 2. Threeballsclosein from all normaldirectionsonaseg-
ment,eventuallytouchingit at aninterior point. This corre-
spondsto addinga singletriangleto thedualcomplex.

Type 3. Four ballsclosein on a Voronoipoint,but they leave a
gaparoundoneof theincidentsegmentsandencounterboth
at thesamemoment.This correspondsto addinga triangle-
tetrahedronpair to thedualcomplex.

A commonrepresentationof the �ltration is the list of simplices
orderedby thetimethey join thedualcomplex. Simplicesthatjoin
at thesamemomentareorderedby dimensionandremainingties
arebrokenarbitrarily. An algorithmfor constructingthis represen-
tationcanbefound in [10], andsoftwareis publically availablein
[26]. It �rst computestheDelaunaytriangulation,thendetermines
thetimesthesimplicesjoin thedualcomplex, and�nally sortsthe
Delaunaysimplicesby timeanddimension.For biomoleculardata,
thenumberof Delaunaysimplicesis typically someconstanttimes
thenumberof balls, � , andtheDelaunaytriangulationcanbecon-
structedin time O(��������� ), seeeg. [6]. Determiningthetimesand
sortingthesimplicestakesagaintimeO(��������� ).

Boundary thr ough retraction. We arenow readyto incorporate
thesecondintuition into thede�nition, namelythat theinteresting
portionof theinterfacesurfaceis protectedby arelatively tight seal.
Portionsoutsidethis sealareremovedby retraction,which canbe
understoodas a reversalof the growth processrelaxed to a par-
tial order[7]. We explain this by consideringthe�ltration of dual
complexes. Re-index thesimplicesin thecorrespondingsequence
suchthat �

�

� is the  -th new simplex in ��� . In the genericcase,
thesimplicesin �

�
)!�

���
� form anabstractsimplex: thereare �#"

simplices�

�

� , for � 9	 ,9 �
" , andevery �

�

� is faceof $ �

�

�

�

%

andhas &/�

�

�
� asa face. We write & 9

�

�

�

9'$ to expressthe
latterproperty. For thetimebeing,weareonly interestedin regular
eventscharacterizedby (8
 � . Adding the �

"
J � simplicesto

�
���

� doesnot affect its homotopy type. We notethat & is freein
��� , by which we meanthat it is faceof the facesof a singlesim-
plex, namelyof $ , but of no othersimplex in �

�
. We refer to the

operationthat deletes& togetherwith all simplicesthat containit



Figure 2: Four interface surfacesin the level-of-focushierarchy of the barnase-barstarcomplex. The two colors distinguish clipped
polygonsnext to the boundary fr om unclipped polygonsin the interior .

asa collapse. In our algorithm,we useonly collapsesfor which $

is a tetrahedron.Triangles,edgesandverticesthat do not belong
to any remainingtetrahedronaredeletedassoonasthey arise.We
alsorequirethata collapsedeletesall andnot just somesimplices
joining thedualcomplex at thesamemoment.We de�ne a retrac-
tion asa maximalsequenceof collapses.In otherwords,it applies
collapsesto a givencomplex until thereis no furthercollapsepos-
sible. In theimplementationof this operation,we maintaina stack
of candidatepairs  �& � $ $ , with new pairspushedon thestackwhen
they appear. Wemaythink of a retractionastheprocessof succes-
sively deletingsinksfrom anacyclic directedgraph.It follows that
theresultof theoperationis independentof thesequencein which
the collapsesareperformed. We �nally get a shrunken interface
surfaceasa side-effect of retainingonly polygonsthatcorrespond
to bi-chromaticedgesin theretractedcomplex. If this is aninterior
edgethenwe retain the entirepolygon,elsewe clip the polygon
andretainonly thepiecesthatcorrespondto incidenttetrahedrain
theretractedcomplex. Figure2 illustratesthis ideaby showing the
retractedinterfacesurfaceof two complexedproteinsonthefar left.

Hierar chy thr ough persistence. It remainsto explore the criti-
cal eventscharacterizedby (7� 
 , that is, $5�

�

�
� is the only

new simplex in ��� . We usetheconceptof topologicalpersistence
to quantify how different $ is from beingregular. Sucha notion
makessensebecausetheadditionof $ to � ���

� eithercreatesor de-
stroys a topologicalfeatureand,asshown in [9], thereis a unique
critical matchingsimplex & thatearliercreatedwhat $ destroys or
thatwill laterdestroy what $ creates.Wecall thetime-lagbetween
the addition of & and the addition of $ the persistenceof both.
Supposefor examplewe have a critical triangle & anda matching
critical tetrahedron$ in quick succession.Thentheir persistence
is small indicatingthatthepair is very similar to a regularevent in
which & and $ would join thedualcomplex at thesamemoment.
Thealgebraicjusti�cation of this de�nition is beyondthescopeof
this paperandgiven in [9] alongwith analgorithmthatgenerates
thematchingpairsin worst-casetimeO(�

� ), where� is thenum-
ber of simplicesin the Delaunaytriangulation. Our experimental
resultsfor protein datasuggesthowever that the running time is
muchbetter, namelyO(� ) or similar.

We now take theshrinkingprocessbeyond the initial retraction
step.Let  �& � $ $ beamatchingcritical triangle-tetrahedronpairgen-
eratedby thetopologicalpersistencealgorithm. In theforwarddi-
rectionof the �ltration, the additionof & createsa void which is
destroyed by the later additionof $ . We usethepair to de�ne an
extensionof the collapseoperation,which we call a removal: as-

suming & lies on theboundaryof theremainingcomplex, we �rst
delete $ and then retractaround $ . If the retractionreachesfar
enough,then & getsdeletedjust becauseboth its tetrahedrahave
beendeleted.However, it canhappenthat the retractiondoesnot
reachall theway, in which casewe recursefor otherpairsof sim-
plicesbeforedeleting& . Think of theretractionfrom $ ascreating
a domein the spacebetweenthe moleculesand the triangle & as
the entranceor the biggestgapin the sealsurroundingthe dome.
Wecannow interpretthetimes � and � when & and $ join thedual
complex asthesizesof theentranceandthedome.We de�ne the
sealvalueof  �& � $ $ as �  ������%$B�

�

�

�

�

. To decidewhetheror not to
remove & and $ in the�rst place,we requirethat � and � areboth
positive andthat �  �������$ exceedsa positive constantthreshold

	


 .
Since $ succeeds& in the �ltration, we have � J
� andtherefore

�  ������%$�J 
 . Thesealvaluecanbelargefor two reasons:because
the differencein sizebetweenthedomeandtheentranceis small
or becausetheentranceis large.Theremoval processis thusbiased
againstboth.Notealsothatfor ���
������������� we have

�  ������%$�� �  ��

�

���

�

$(E (1)

This monotonicitypropertyis importantfor thecorrectnessof our
algorithmbecauseif theretractionaround$ doesnot reach& then
thiscanonly bebecausethereis a triangle &�� between$ and & that
split thevoid createdby & beforeit wasdestroyed by $ . But then
theotherbranchwasdestroyedby a tetrahedron$

� preceding$ in
the �ltration. In other words, �����

�

���

�

��� , where �

� and
�

� are the times &
� and $

� join the dual complex. Inequality (1)
guaranteesthatthesimplicesbetween$ and & aredeletedby recur-
sive removals so that & caneventuallybe deleted.The algorithm
startswith theDelaunaytriangulationandendswith a subcomplex
that allows no further collapsesor removals. Figure2 illustrates
theresultof shrinkingwith four stepsin themuchlongernestedse-
quenceof interfacessurfacesof thebarnase-barstarcomplex. The
runningtime for constructingthehierarchyis constantpersimplex
in theDelaunaytriangulationandthereforeO(� ).

3. ANALYSIS
We believe that theprimaryuseof molecularinterfacesurfaces,

asde�nedin thispaper, will beto teaseoutusefulinformationabout
protein-proteininteractions. This caneitherbe donedirectly, by
studyingtheinterfaceasa geometricobjectin its own right, or by
using it as a domainon which functionsexpressingbiochemical
dataarede�ned. An importantcomponentof theseanalysesis vi-
sualizationof the interfacesurfaces.As an illustrationwe provide



severalexamplesin Figure3 to 7.

Hot-spots in protectedregions.Themainreasonfor creatingthe
level-of-focushierarchyof theinterfaceis its facility to distinguish
protectedfrom peripheralregions.To demonstratethebiochemical
implication of this hierarchy, we show that residueswhich have
atomsinvolved in the late stagesof the hierarchyare somehow
morecritical for theinteraction.We do this by constructinga sim-
ple functionwhichwethenuseto distinguishhot-spotfrom neutral
residuesin the interface. Letting � be a residue,� 
���� � �FE�EFE ���

"

its polygonsin the interfacewhich aregeneratedby its side-chain
atoms,we de�ne

�

 ���$ �

"

�

�

�


��	��
��

 
� �C$

�	��
����

 ���$

�	��
�� �

 #? $

where
�	��
�� �

 ���$��

����
�� �

 #? $ is the fraction of the interfacesurface
thatbelongsto � , including � � , at time � when � � entersthe inter-
facesurface. We predict � asa hot-spotresidueif

�

 �� $�
 � E ���

andasaneutralresidueotherwise.Usingthealaninescanningdata
for the nineteenproteincomplexesstudiesin [14] andsettingthe
thresholdfor ahot-spotresidueat ��E 
 kcal/mol,we�nd that ��� E 
��

and ��

E ��� of the hot-spotandneutralresiduesareidenti�ed cor-
rectly, respectively. It is importantto notethatwe have limited the
function to side-chainatomsalone,asthis is mostconsistentwith
analaninescanningexperiment.This methodis similar in predic-
tive power to the physicalmodelof [14], which achievesslightly
betterpercentagesfor a thresholdof � E 
 kcal/mol andworseper-
centagesfor the thresholdof ��E 
 kcal/molwe use.While prelimi-
nary, theseresultstestify to thepotentialof theinterfacesurfacein
rationalizingbiochemicalprocessesthatde�ne proteininteractions.
Wenotefor examplethatthelevel-of-focushierarchyisageometric
realizationsimilar to theO-ringswhich BoganandThorn[2] con-
jecturesurroundhot-spotsin proteininteractions,or to theprotec-
tion phenomenaof wrappedhydrogenbonds[11]. In this physical
analogy, thesealvaluebecomesa measureof how dif�cult it is to
breakinto adome.However, atpresentwestill lackanunderstand-
ing of the intimatebiochemicaldetailsof what the level-of-focus
hierarchycaptures,andareworking towardsthis goal.

Global measures.Onegoalof our researchis theclassi�cationof
interfacesinto typesthat correspondto differentkinds of protein-
proteininteractions.We seekglobal measurementsthatarelikely
to have biochemicalsigni�cance. For example,it is generallyac-
knowledgedthat for largeareainterfacesit is importantto have a
goodgeometric�t betweentheproteins,while for smallareainter-
facessuchaconclusionis questionable.Herewefocusontopolog-
ical andgeometricassessmentsof how contortedinterfacesare.

We begin with topologicalcharacteristics,restrictingourselves
to the relatively simplebi-chromaticcase,in which the interface
is an orientable2-manifoldwith boundary. Topologically, a such
connectedmanifold is completelycharacterizedby its genusand
its numberof holesor boundarycycles [17]. Most interfaceswe
have examinedthusfar have genuszero,but thereareexceptions.
Oneis the interfacecreatedby vipoxin complex, a phospholipase
A

�

boundto its proteininhibitor, shown in Figure6. It hasgenus
three,indicatingtheexistenceof threepairsof linking cyclesthat
lock the two proteinstogether, consistentwith thehigh biochemi-
cal stability of this complex in solution. In thebi-chromaticcase,
having the numberof holesthat exceedsoneis possible.For ex-
ample,a portionof theDelaunaytriangulationmay shrink from a
mono-chromatictriangleon its boundaryandin this way puncha
holein theinterface.

An interfacecanbehighly contorteddespitehaving zerogenus.

Name Area AD Name Area AD
Protease-Inhibitor

2ptc 575 0.436 1mct 694 3.358
1avw 1011 3.713 3tpi 643 1.166
1tgs 734 2.734 1cho 736 0.289
1acb 717 3.751 1cbw 653 0.059
1ppf 900 -0.628 1�e 546 2.088
2kai 776 1.357 1hia 847 2.781
3sgb 462 1.778 1cse 745 3.167
2sic 717 0.713 2sni 869 -0.924
1stf 718 -1.781 4cpa 672 1.228

Largeproteasecomplexes
1bth 871 2.819 4htc 1035 1.020
1tbq 1477 -3.923 1toc 1386 -2.334
1dan 1859 2.857

Antibody-antigen
1jhl 638 0.609 1vfb 585 0.642
1mlc 510 0.194 3h� 719 3.690
3hfm 825 1.528 1fbi 617 3.701
1mel 502 4.792 1dvf 775 -0.401
1nfd 904 -0.110 1ao7 866 -0.197
2jel 638 1.372 1nca 1308 -1.793
1nmb 921 -0.764 1nsn 1089 1.418
1osp 747 -2.164 1qfu 1307 -0.641
1iai 1000 0.545 1kb5 1151 -0.293

Enzymecomplexes
2pcc 580 -2.609 1gla 712 -1.150
1brs 703 -4.176 1udi 906 -0.125
1dhk 1686 -0.717 1fss 728 3.702
1ydr 783 -0.349 1dfj 1795 -0.668

G-proteins,cell cycle,signaltransduction
1a0o 397 1.647 1gua 617 1.272
1a2k 966 -0.801 1agr 1278 -0.646
1tx4 1219 -1.921 1gg2 1788 -1.921
1got 1550 -2.017 2trc 2408 3.758
1�n 1533 4.321 1aip 1639 2.705
1efu 2205 -2.961

Miscellaneous
1ak4 409 0.821 1igc 498 0.700
1efn 488 -1.827 1fc2 604 -0.029
1seb 1081 1.486 1atn 796 -2.109
1ycs 560 1.137 2btf 1048 0.642
1hwg 2022 4.995 1dkg 1662 1.613

Table1: Ar eaand total anglede�ciency (AD) of 70proteincom-
plexesgroupedinto six functional categories.

To geta handleon this phenomenon,we measuretheaveragecur-
vatureandthe variationfrom thataverage.A usefulresult in this
context is theGauss-Bonnettheoremthatstatesthetotal Gaussian
curvatureis aninvariantof a closedorientable2-manifold,namely
equal to � � times one minus the genus[12]. Interfacesare not
smoothso we needan equivalentpiecewise linearconcept.For a
vertex � , we call �

�

���=� )����

� its angle de�ciency, where
�

� is theangleof the  -th interfacepolygonat � . The total angle
de�ciency is the sumof anglede�cienciesover all �

�! 

�	�

"$#

interior vertices: %2�
�

��&(')�

� . Following theconventionfrom
non-Euclideangeometry, weclassify? aselliptic, �at or hyperbolic
dependingon whether% is positive, zeroor negative. We usethe
averageanglede�ciency asa baselineandmeasuretheroot-mean-
squarevariationas
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andcall it thewrinklednessof ? . It is straightforward to compute
thetotalanglede�ciency andthewrinklednessin timeproportional



to thenumberof verticesof theinterface.
To gainanintuition for severalof thegeometricglobalmeasures,

we computethemfor interfacesurfacesgeneratedafter the initial
retractionfrom asetof seventypairwiseprotein-proteincomplexes
taken from [4]; seeTable 1. The areaof ? rangesfrom 397 to
2408 	A

�

with a meanof 963 	A
�

. The interfacialsolventexcluded
surfacearea(SESA) as computedin [4] is a two-sidedmeasure,
with comparableareasrangingfrom 930to 4430 	A

�

with ameanof
1906 	A

�

. Thereis anapproximatelinearcorrelationbetweenSESA
andinterfacesurfaceareaof � E � � with a correlationcoef�cient of



E ��� .
The total anglede�ciency resultsshow that interfacesarecon-

tortedandspanthe entirerangefrom hyperbolic(-4.176radians)
to elliptic (4.995radians);seeTable1. This is in clearcontrastto
the classicalview of the protein-proteininterfacethat hasonly a
small ( ��E �

	A) meandeviation from planarity[13, 4]. This discrep-
ancy in resultscanbeexplainedby theplanaritymeasurein these
previous studieswhich �rst groupatomsinto subsetsby a heuris-
tic andthentake the root-mean-squaredistanceof eachsubsetof
atomsagainsttheir least-squareplanes.Thisgeneratesanaveraged
local measure,asopposedto our globalmeasureof total anglede-
�ciency. In contrastto total anglede�ciency, thewrinklednesshas
little variancewith a meanvalueof approximately

E � for the set
of protein-proteincomplexesconsidered.Perhapsnot surprisingly,
thewrinklednessnotablyincreaseswhenhydrogensareaddedinto
thestructures.

4. CONCLUSION
Given two or moreproteinsin complex, eachrepresentedby a

space-�lling diagram,we presenta rigorousmathematicalde�ni-
tion for aninterfacesurfacebetweenthem.This surfaceprovidesa
moredetailedview of theinteractionregion thantraditionalmeth-
ods.Takingtheinterfacesurfaceasanindependententity, we may
study it by de�ning geometricand topologicalmeasuresover it
and map propertiesof both proteinson it. Additionally, we de-
�ne alevel-of-focushierarchywhichdecomposestheinterfacesur-
faceinto protectedregionsthatappearto bebiochemicallyimpor-
tant.Thishierarchymaybestudiedon its own or incorporatedinto
measuresde�ned over theinterfacesurfaceto enhancetheir analy-
sis.Ournovel representationof theinterfacesurfacewill allow for
new insightsanddiscoveriesin thestudyof protein-proteininterac-
tions. Thegeneralityof the interfacesurfacede�nition alsoopens
up otherpossibilities,suchasstudyingwaterat protein-proteinin-
terfacesor internalpackingof proteins.Wemightaskhow different
structuralmotifs within a singleproteinform internalsurfaces,or
geometricallycharacterizesubtlestructuralrearrangementscrucial
to thefunctioningof proteins.In closing,wenotethatalthoughwe
focuson applicationsin proteininteractions,the interfaceconcept
itself is generalandthereareotherareas,suchasnanostructures,in
which interfacesariseandour geometricideasareuseful.
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Figure 3: Thr eeviewsof the interface betweenBarnaseand Barstar, a bacterial ribonucleaseand its protein inhibitor , respectively.
This experimentally well-studied complexhasserved asa model systemfor studying protein-protein interactions, in particular for
characterizing binding hot-spots.The interface is somewhatsmaller than averagebut is fairly typical in terms of shape.Generated
fr om pdb �le 1BRS.

Figure 4: Two viewsof the interface betweencolicin E9 DNaseand the immunity protein IM9, a toxin producedduring cell stress
and its inhibitor , respectively. The af�nity in the E9-IM9 complexis extremelytight (sub-femtomolar). This interface is alsosmaller
than average,but hasa very prominent saddleshape.Generatedfr om pdb �le 1BXI.

Figure 5: Two views of the interface in human hemoglobin that demonstrate the utility of theserepresentationsfor multimeric
complexes.Hemoglobinconsistsof four separatebut identical chainsand the resulting interface shows the more complicatednature
of a multi-subunit interaction. Generatedfr om pdb �le 1A3N.



Figure 6: On the left, a view of the interface betweenhuman angiogeninand a placental ribonucleaseinhibitor . The interaction
betweentheseproteins is extremely tight (femtomolar) and the interface exhibits both a very largesurfaceareaand an interesting
overall bent shape.Generatedfr om pdb �le 1A4Y. On the right, a view of interface in the neurotoxic vipoxin complexfr om Western
SandViper consistingof phospholipaseA2 and its inhibitor . A rather unusual interface with genus3. Generatedfr om pdb �le 1JLT.

Figure7: Four viewsof the interface in HIV -1 protease,a homo-dimeric protein complex.This enzymehasbeenan important target
for drug developmentagainstAIDS. The interface is fairly complex,in part due to the `�aps' involved in the interaction betweenthe
two subunits. Generatedfr om pdb �le 3AID.


